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Abstract
A subgroup H of a nite group G is said to be c-normal in G if there is a normal subgroup
N of G such that HN = G and H \ N HG = coreG(H). In this paper we investigate further
the inuence of c-normality of some subgroups on the structure of nite groups and generalize
some known results. c© 2000 Elsevier Science B.V. All rights reserved.
MSC: 20D20
1. Introduction
The normal index of a maximal subgroup of a nite group G, which was dened
by Deskins [5], often yields a wealth of information about the group G itself. In the
past, it has been studied by many scholars (such as [1{3]). However, in general, there
is no explicit relationship between normal indices of subgroups and the structure of G.
In fact, it is not even obvious that the normal index of a subgroup is well dened. In
[10], Wang dened c-normality of a subgroup, which makes things easier and simpler,
and obtained some results. The concept of c-normality provides better tools for us than
normal indices do. In this paper we will study further the inuence of c-normality of
subgroups on the structure of nite groups and generalize some known results.
Throughout, all groups are assumed to be nite groups. Our terminology and notation
is standard, see e.g. [7]. We write M < G to indicate that M is a maximal subgroup
of G.
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2. Basic denitions and preliminary results
A subgroup H of a group G is said to be c-normal in G if there exists a normal
subgroup N of G such that HN =G and H \N HG= coreG(H). A group G is called
c-simple if G has no c-normal subgroup except the identity group 1 and G.
If M <  G and H < M , then H is called a 2-maximal subgroup of G.
Consider the following families of subgroups:
Fc = fM jM <  G with jG : M j is compositeg;
Fp = fM jM <  G;NG(P)M for a P 2 Sylp(G)g;
Fs =
[
p2(G)
Fp;
Fsc =Fs \Fc
and dene
Ss(G) =
\
fM jM 2Fscg;
if Fsc is non-empty; otherwise, Ss(G) = G.
For the sake of convenience, we list here some results used for the proofs in this
paper.
Lemma 2.1 (Wang [10, Lemma 2.1]). Let G be a group.
(1) G is c-simple if and only if G is simple;
(2) If H is c-normal in G; H K G; then H is c-normal in K ;
(3) Let K E G and K H; then H is c-normal in G if and only if H=K is c-normal
in G=K .
Lemma 2.2 (Wang [10, Lemma 2.2(4)]). [Wang [10], Lemma 2.2(4)]For a group G;
Ss(G) has a Sylow tower.
Lemma 2.3 (Wang [10, Lemma 2.4(b)]). A group G is supersolvable if and only if
G = Ss(G).
Lemma 2.4. Let  be a set of primes; H a normal 0-subgroup of G and T a
-subgroup of G. If T is c-normal in G; then TH=H is c-normal in G=H . Furthermore;
if T CG(H) and TH=H is c-normal in G=H; then T is c-normal in G.
Proof. Since T is c-normal in G, there exists a normal subgroup K of G such that
G=TK and T\K TG. It follows that (TH=H)(KH=H)=G=H and (TH=H)\(KH=H)=
H (TH\K)=H . Noticing that every normal subgroup with -index contains every normal
0-subgroup, we have H K . Hence (TH=H) \ (KH=H) = H (TH \ K)=H = H (T \
K)=H HTG=H  (TH=H)G=H , and therefore TH=H is c-normal in G=H .
If T CG(H) and TH=H is c-normal in G=H , then there exists a normal subgroup
K=H of G=H such that (TH=H)(K=H) = G=H and (TH=H) \ (K=H) (TH=H)G=H . Let
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(TH=H)G=H=T1H=H (T1T ). Since T1H/G and T CG(H), We have that T1H=T1
H and T1 /G. Noticing that T1 is a normal -Hall subgroup of T1H , T \K T1TG.
Clearly G = TK , and T is c-normal in G.
Lemma 2.5. Let N ( 6=1) be a normal subgroup of a group G. If P1 is c-normal in
G for every Sylow subgroup P of N and every maximal subgroup P1 of P; then there
exists a minimal normal subgroup N1 of G such that N1N and N1 is an elementary
abelian p-group for some prime p.
Proof. We note that H E G if H is a characteristic subgroup of N and N is a normal
subgroup of G, and use the method of the rst part of the proof of Theorem 4:1 in
[10]. We conclude that there exists a minimal normal subgroup N1 of G such that
N1N and N1 is an elementary abelian p-group for some prime p.
Lemma 2.6. Let N be a solvable normal subgroup of a group G (N 6=1). If every
minimal normal subgroup of G which is contained in N is not contained in (G); then
the Fitting subgroup F(N ) of N is the direct product of minimal normal subgroups
of G which are contained in N .
Proof. It suces to establish the claim for the case where F(N ) is a p-group since
F(N ) is nilpotent. By the assumption that N\(G)=1 we have that F(N ) is elementary
abelian. Now it suces to show that, as a G-module, F(N ) is semisimple.
If H=K is a chief factor of G and H F(N ). Let S be a minimal element of set
fT : HT=G; T Gg. Then S\H E G since H F(N ) and F(N ) is elementary abelian.
If S\H 6=1, then since N\(G)=1 and S\H F(N ), there is a maximal subgroup M
of G such that G=M (S\H). We now see that S=S\G=(S\H)(S\M) and, since M
does not contain S\H , that S\M <S. However, G=SH=(S\M)(S\H)H=(S\M)H .
This contradicts the choice of S and we conclude that S \H =1. It is easy to see that
SK=K is a complement of H=K . By Lemma 2.5 of [4] F(N ) is semisimple, and the
proof of Lemma 2.6 is complete.
3. Main results
Theorem 3.1. A group G is solvable if and only if every maximal subgroup M in
Fsc is c-normal in G.
Remark. Since FscFc, Theorem 3.1 generalizes Theorem 3:5 in [10]. In order to
see this, it suces to minimize the number of restricted maximal subgroups.
Proof. It suces to prove the sucient condition. Assume that the theorem is false
and let G be a minimal counterexample.
Lemma 2.3 implies that Fsc 6=. If G is simple, then by Lemma 2.1 G is c-simple,
it follows that G is a group of prime order, a contradiction. By induction and using
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the fact that if there were two minimal normal subgroups N1 and N2 of G, G could be
embedded into G=N1  G=N2. We see that N is the unique minimal normal subgroup
of G and G=N is sovable.
Let p is the largest prime of (N ), and P1 2 Sylp(N ). By our choice of G we
have that P1<N and P1 is not normal in G. Hence, there exists a maximal subgroup
L of G such that NG(P1)L. By a Frattini argument we have G = NNG(P1) = NL.
If [G : L] = q, a prime, then, since LG = 1, G = G=LG is a homomorphic image of
Sq, the symmetric of degree q. Thus jGj j q!, and q is the largest prime of (G). That
[G : L] = [N : N \ L] implies that q is the prime factor of jN j. It follows that p = q.
Let P 2 Sylp(G) such that P1P, then P1 = P \ N . For any x 2 NG(P) we have
Px1 = (N \ P)x = N \ P = P1. It follows that NG(P)NG(P1)L. Hence p is not a
factor of [G : L], in contradiction to that [G : L] = p. If [G : L] is composite, then
NG(P)NG(P1)L implies that L 2 Fsc. There exists a normal subgroup K of G
such that G = LK and L \ K LG = 1. Note that K 6=1, we have that N K and so
N \ L = 1 and [G : L] = jN j. But p does not divide [G : L], a contradiction. These
contradictions imply that N is a p-group, and that G is solvable, in contradiction to
the choice of G. The proof of the theorem is complete.
Theorem 3.2. Let G1 be the class of Frobenius groups with elementary abelian kernel
N and cyclic complement M; such that jM j is square-free and the order of M is not
prime. If G is G1-free and each 2-maximal subgroup of G is c-normal in G; then G
is supersolvable.
Proof. Assume that the theorem is false and let G be a minimal counterexample. Then
(1) G is solvable. First we claim that G is not simple. If G were simple G would be
c-simple by Lemma 2.1. This implies that each 2-maximal subgroup of G is 1. Then
each maximal subgroup of G is either a cyclic group of prime order or 1. So G is
supersolvable, a contradiction. Let N be a minimal normal subgroup of G. Since every
maximal subgroup of G is solvable by Theorem 3.1, N is then solvable, and therefore
N is an elementary abelian p-group for some prime p. It is clear that the hypotheses
of the theorem is quotient-closed. It follows from the solvability of N and G=N that
G is solvable.
(2) N is the unique minimal normal subgroup of G and G = N oM , where M is
a maximal subgroup of G and M is supersolvable. Furthermore, (G) = 1, F(G) = N
and CG(N ) = N .
In fact, it is easy to see that N is the unique minimal normal subgroup of G. Hup-
pert’s Theorem [7, Theorem 9:5, P719] implies that (G) = 1. There exists a maximal
subgroup M of G such that G = NM and N \ M = 1, that is G = N o M . Since
G=N ’ M;M is supersolvable. By [11, Appendix C Lemma 2.3] F(G) = N . A well
known conclusion that CG(F(G))F(G) implies that F(G) = N = CG(N ).
(3) M is abelian and every Sylow subgroup of M is an elementary abelian group.
In fact, let the following series be a chief series of M :
1 =Mn<Mn−1<   <M3<M2<M1<M0 =M:
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Since Mi−1=Mi is a cyclic group of a prime order for i = 1; 2; : : : ; n, it follows that
Mi <Mi−1 for i=1; 2; : : : ; n. Since M1 is a 2-maximal subgroup of G, by the hypotheses
of the theorem there exists a normal subgroup K1 of G such that M1K1 = G and
M1 \ K1 (M1)G = 1. It is clear that K1 \ M E M and calculating the order of M
we see that K1 \ M is a cyclic group of some prime order. Let K1 \ M = T1, since
T1 \M1 = 1, M = T1 M1. It is obvious that T1 M2< M , a 2-maximal subgroup
of G. Thus there exists a normal subgroup K2 of G such that K2(T1 M2) = G and
K2 \ (T1 M2) (T1 M2)G MG = 1. For K2 \M = T2 E M , T2 is likewise prime
order, so we have M =T2T1M2. Using the same reasoning we consider M3; : : : ; Mn
and nally conclude that M = Tn Tn−1     T2 T1, where Ti is a cyclic group of
some prime order for i = 1; 2; : : : ; n. So M is abelian and every Sylow q-subgroup of
M is an elementary abelian q-group.
(4) G is a Frobenius group with elementary abelian kernel N and complement M .
In fact, let g 2 G nM , then g= mn with m 2 M , n 2 N and n 6=1. If M \Mg 6=1,
then there exists an element a 2 M such that an = a1 2 M . Hence, [a; n] = a−1a1 2
N \M =1. It follows that an = a and NG(hai)hM; ni. The maximality of M implies
that hai E G, in contradiction to (2). Thus G is a Frobenius group with complement
M . By the Frobenius theorem [8, Theorem 10:3] and the maximality of M we know
that N is the Frobenius kernel.
(5) The nal contradiction. By [9, Theorem 10:5:6] and (3), we know that M is cyclic
and jM j is square-free. If the order of M is prime, then N is a maximal subgroup of
G. Let N1<  N , then N1 is a 2-maximal subgroup of G. By the hypotheses, N1 is
c-normal in G, whence there exists a normal subgroup K of G such that G = KN1
and K \ N1 (N1)G = 1. The equality N = N \ (KN1) = N1(K \ N ) and K \ N1 =
1 imply that jK \ N j = p. It follows from K \ N E G that N = K \ N and that
jN j = p, and therefore G is supersolvable. Hence the order of M is not prime and
G 2 G1 which provides the nal contradiction. The proof of the theorem is now
complete.
The following Theorems 3:3 and 3:4 generalize Theorems 4:1 and 4.2 in [10].
Theorem 3.3. Let N be a normal subgroup of a group G such that
(1) G=N is supersolvable.
(2) P1 is c-normal in G for every Sylow subgroup P of N and every maximal
subgroup P1 of P.
Then G is supersolvable.
Proof. We suppose that the theorem is false and choose for G a counterexample of
smallest order.
By Lemma 2.5, G has a minimal normal subgroup N1N and N1 is an elementary
abelian p-group for some prime p. Furthermore, we have:
(I) N1 is the unique minimal normal subgroup of G which contained in N ,
G = N1oM , where M is supersolvable, and N1  (G); CN (N1) = N1 = F(N ).
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In fact, by (G=N1)=(N=N1) ’ G=N , and Lemma 2.1(3) and Lemma 2.4 we know
that G=N1 and N=N1 satisfy the hypotheses of the theorem, and therefore G=N1 is
supersolvable. Of course, G is solvable. Since the class of supersolvable groups is a
saturated formation, we can easily prove that N1 is the unique minimal normal subgroup
of G which is contained in N , N1  (G), and G=N1oM with M is supersolvable.
By Lemma 2.6, F(N ) = N1. The solvability of N implies that CN (F(N ))F(N ) and
so CN (N1) = N1 = F(N ) since N1 is an abelian group.
(II) p is the largest prime divisor of (N ) and jN1j= p.
In fact, assume that jN1j=p and p is not the largest prime divisor of (N ). Let q
be the largest prime divisor of (N ) and Q 2 Sylq(N ). Since G=N1 is supersolvable,
N=N1 is supersolvable and QN1=N1 E N=N1. Hence QN1 E N . Let P 2 Sylp(N ),
then QP = QN1P is a subgroup of N . If QP<G, since QP=QP ’ 1 is supersolvable
and QP satises the hypotheses of the theorem by Lemma 2.1(2), we see that QP
is supersolvable by our choice of G. Therefore, Q E QP and so QCN (N1) = N1,
a contradiction. Assume that PQ = G. Then G = N = PQ. If N1(P), then P =
P \ (N1M) = N1(P \M) = P \M by (I). It follows that N1PM , a contradiction.
Therefore, there exists a maximal subgroup P1 of P with N1  P1. Since P1 is
c-normal in G, there exists K E G such that G=P1K and P1\K  (P1)G F(N )=N1.
If (P1)G 6=1, then N1 (P1)G P1, contrary to our choice. Hence P1 \ K = 1. Note
that jK j= pjQj and p<q, whence K has a normal p-complement. This implies that
Q E G, which contradicts (I). These contradictions show that p is the largest prime
divisor of (N ). Note that N=N1 is supersolvable, it follows that P=N1 E N=N1 and
hence P E N . That F(N ) = N1 implies that N1 = P 2 Sylp(N ). Let P1 be a maximal
subgroup of N1, then, since P1 is c-normal in G, there exists K E G such that P1K=G
and P1\K  (P1)G=1. It follows that N1 =N1\G=P1(K \N1) and P1\ (K \N1)=1,
which implies that jK\N1j=p. In view of the fact that K\N1 E G and the minimality
of N1, we have P1 = 1 and N1 = K \ N1.
From (I) and (II), G=N1 is supersolvable and N1 is of prime order. Thus G is
supersolvable, in contradiction to the choice of G. This shows that there is no coun-
terexample. This completes the proof of the theorem.
Theorem 3.4. Let N be a normal subgroup of a group G such that
(1) G=N is supersolvable.
(2) Every minimal subgroup of N is c-normal in G and for 2 j jN j either every
Sylow 2-subgroup of N is an abelian group or every cyclic subgroup of N of order
4 is c-normal in G.
Then G is supersolvable.
Proof. We suppose that the theorem is false and choose for G a counterexample of
smallest order. Let L be a proper subgroup of G, then L=L \ N ’ LN=N (G=N )
is supersolvable. Since L and L \ N satisfy the hypotheses of the theorem, L is su-
persolvable and therefore G is a minimal non-supersolvable group (every proper sub-
group of G is supersolvable but G itself is not supersolvable). The main result of
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[6] implies that there exists a normal Sylow p-subgroup P of G for some prime p
such that
(I) P=(P) is a minimal normal subgroup of G=(P);
(II) P=(P) is not a cyclic group;
(III) P has exponent p if p 6=2 and exponent at most 4 if p= 2.
By the Schur{Zassenhaus theorem there exists a p0-Hall subgroup H in G. Then
G=P ’ H is supersolvable. Hence G=P \ N is supersolvable. Let M = P \ N , then
M E G and M 6=1. We consider the subgroup M(P); since P=(P) is a mini-
mal normal subgroup of G=(P); M(P) = (P) or P. If M(P) = (P), we have
M (P)(G). It follows that G=(G) is supersolvable. By Huppert’s Theorem
[11, Corollary I:3:2] G is supersolvable, a contradiction. If M(P) = P, it follows
that M = P(N ). Hence every minimal subgroup of P is c-normal in G and, for
p = 2, either P is an abelian group or every cyclic subgroup of P of order 4 is
c-normal in G. If p 6=2 or p = 2 and P0 6=1, using the method of the proof of The-
orem 4:2 in [10], we see that P is a cyclic group, a contradiction. So we can as-
sume that p = 2 and P0 = 1. Let P = ha1i  ha2i      hani  hb1i      hbmi,
where jaij= 4; jbjj= 2; i = 1; 2; : : : ; n; j = 1; 2; : : : ; m: If m 6=0, then b1 2 Pn(P). Sim-
ilarly as in the above proof we have P = hb1i, a contradiction. Hence m = 0, and
P = ha1i      hani. Now ha2i i is c-normal in G. There exists a normal subgroup
Ki of G such that G = ha2i iKi and ha2i i \ Kiha2i iG. Let Pi = P \ Ki, then Pi E G.
If Pi(P), then P = P \ G = ha2i iPi(P) since ha2i i(P), a contradiction. So
we can assume that Pi  (P); this implies Pi(P)=(P) = P=(P) by (I). That
is , P = Pi and hence PKi. It follows that ha2i i = ha2i i \ Ki E G. Noticing that
ja2i j = 2, we see that ha2i iZ(G); i = 1; 2; : : : ; n. For any g 2 H , ag1 = d 2 P, and
(a21)
g = d2. On the other hand, a21 2 Z(G) implies that (a21)g = a21. Hence a21 = d2, and
it follows that d = a1c, c 2 (P), so ha1i(P)=(P) E G=(P). Hence ha1i = P by
(I), in contradiction to (II). Therefore, there is no counterexample and the theorem is
true.
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